We show how entanglement can be used, without being consumed, to accomplish unitary operations that could not be performed without it. When applied to infinitesimal transformations, our method makes equivalent, in the sense of Hamiltonian simulation, a whole class of otherwise inequivalent two-qubit interactions. The new catalysis effect also implies the asymptotic equivalence of all such interactions. DOI: 10.1103/PhysRevLett.88.167903 PACS numbers: 03.67. -a, 03.65.Ca, 03.65.Ta Can entanglement help to perform certain tasks? How much entanglement has to be consumed? Can we use entanglement without consuming it at all? These questions are quite relevant in the context of quantum information theory, since entanglement can be considered as an expensive physical resource without classical analogy. In particular, the last question has been recently answered [1] in the context of transformation between states of two parties, Alice and Bob, under local operations and classical communication (LOCC). More specifically, examples have been presented where a state can be transformed into some other one by LOCC only when a certain entangled state jh͘ ab is available. In this case, even though the total entanglement (shared by Alice and Bob) decreases, the state jh͘ ab is recovered after the procedure. This effect has been termed catalysis [1], since the state jh͘ ab is necessary for the process to occur, even though it is not consumed.
Can entanglement help to perform certain tasks? How much entanglement has to be consumed? Can we use entanglement without consuming it at all? These questions are quite relevant in the context of quantum information theory, since entanglement can be considered as an expensive physical resource without classical analogy. In particular, the last question has been recently answered [1] in the context of transformation between states of two parties, Alice and Bob, under local operations and classical communication (LOCC). More specifically, examples have been presented where a state can be transformed into some other one by LOCC only when a certain entangled state jh͘ ab is available. In this case, even though the total entanglement (shared by Alice and Bob) decreases, the state jh͘ ab is recovered after the procedure. This effect has been termed catalysis [1] , since the state jh͘ ab is necessary for the process to occur, even though it is not consumed.
In this Letter we present a novel catalysis effect through quantum entanglement. A maximally entangled state will be used, but not consumed, to perform a nonlocal task that cannot be achieved without it. The task consists of implementing a certain two-qubit unitary gate only when some other one is available. Remarkably, this catalysis is achieved using only local unitary manipulations. The same construction allows one to simulate with a given nonlocal interaction other kinds of interactions, which otherwise could not be simulated using only LOCC. In our method unitarity of the local manipulations is an important feature, since it makes possible that some LOCC-inequivalent interactions become fully equivalent in the presence of entanglement. This sharply contrasts with the case of entangled state conversions through LOCC manipulations [1], where LOCC-inequivalent states must remain inequivalent through catalysis, because the local measurements needed in the conversions unavoidably decrease the entanglement between the parties. Another consequence of our results is that certain Hamiltonians become equivalent under asymptotic LOCC, a phenomenon that shares analogies with the one that occurs in transformations between pure states [2] .
Let us consider two parties, Alice and Bob, each of them possessing a qubit, A and B, respectively. Their goal is to apply certain unitary operatorŨ to the qubits. However, they have at hand only another particular two-qubit unitary operator U, and the ability to perform one of the following classes of operations. (a) LU: local unitary operations on each qubit; (b) LU 1 anc: each of the local unitary operations is jointly performed on a local ancilla, initially in a product state, and a qubit; (c) LO: each party can perform general local operations on its qubit (and ancilla); (d) LOCC: the same as LO but classical communication is also allowed; (e) cat-LU: the same as LU 1 anc, but now Alice's and Bob's ancillas are initially in an entangled state, which can be used, but not consumed, during the process. Clearly, everything that can be done in the LU, LU 1 anc, and LO scenarios can also be done in the LOCC scenario. Here we will show that there are operatorsŨ that cannot be applied in the LOCC scenario, but that can be achieved in the cat-LU one.
Let 
the s's are Pauli operators, and the u's and y's are local unitary operators. The superscripts accompanying each operator indicate the system(s) on which it acts. The coefficients c can easily be determined using the method described in Ref.
[3]. Any two unitary operators are equivalent under LU (i.e., they can perform the same tasks if arbitrary local unitary operations on A and B are allowed before and after their action) if and only if they give rise to the same U s ͑c 1 , c 2 , c 3 ͒. Since in all that follows we will always allow for LU, we can restrict ourselves to unitary operators U of the form (1a).
In the catalytic scenario, cat-LU, we have at our disposal two ancillas (qubits) a and b, initially in the Bell state jB 0,0 ͘ ab [4] . We must impose that after the whole process the ancillas a and b end up again in state jB 0,0 ͘ ab . We allow for joint unitaries acting on A and a, as well as joint unitaries acting on B and b. We will show that in this situation we can use U s ͑c 1 , c 2 , c 3 ͒ to implement U s ͑c 1 1 c 2 , 0, 0͒. Later on we will show that this cannot be achieved without the entangled ancillas, even if LOCC are allowed.
The above claim about what can be done with U s in the cat-LU scenario follows directly from the fact that
for all jC͘. Here the unitary operators w are defined according to wji, j͘ j j, i © j͘, and therefore correspond to a swap operation followed by a c-NOT. Even though Eq. (2) can be directly checked, we will indicate here the main idea behind this equation. The operators in the form U s are diagonal in the Bell basis [4], i.e.,
In particular, We want the whole procedure involving a set of LOCC, followed by the action of U s ͑c 1 , c 2 , c 3 ͒, and again another set of LOCC, to reproduce the action of U s ͑c 1 1 c 2 , 0, 0͒ on any input state of A and B. In particular, we can take A and B initially entangled with two other, remote qubits C and D, in state
Let us assume that a set of LOCC takes place before U s ͑c 1 , c 2 , c 3 ͒ acts. We will now show that one can substitute these LOCC by local unitaries acting on A and a, and B and b. We will use the fact that the whole process must be described by a unitary operator ͓U s ͑c 1 1 c 2 , 0, 0͔͒ acting on A and B, which implies that the entanglement between the qubit C ͑D͒ and the rest of the systems must be preserved; i.e., the final state must be a maximally entangled state between C ͑D͒ and the rest. For a set of outcomes G of the generalized measurements performed on A and a, and on B and b, before the application of U s ͑c 1 , c 2 , c 3 ͒ we will have that the state of the systems will change according to x Aa G y Bb G jC 0 ͘ ABCDab , where x G and y G are two operators that depend on the set of outcomes of the measurements. Let us consider first the action of x (we will omit the subscript G in order to keep the notation readable)
where jc 0,1 ͘ are normalized states. Note that it can occur either that jd 0 j fi jd 1 j or that jc 0 ͘ and jc 1 ͘ are not orthonormal. If this were the case, then the entanglement of the qubit C with the rest of the systems would decrease. According to well known results on entanglement concentration [5] , this entanglement cannot be recovered later on with the help of LOCC. Since the whole protocol does not involve joint actions with remote qubit C, this immediately would contradict the fact that this entanglement has to be maintained at the very end of the process. Thus, we must have that jd 0 j jd 1 j ϵ d and, at the same time, jc 0 ͘ and jc 1 ͘ are orthonormal. But in this case we can always find certain unitary operator u acting on A and a such that du gives the same action as x on the relevant states. Thus, we can substitute x G by a unitary operator u G chosen randomly with probability jd G j 2 . The same analysis applies to y G . According to this result, the problem reduces to showing that jF 1 ͑C͒͘ ϵ ͓U 
using LOCC, for all jC͘ and where x and y are unitary. In order to prove that, we restrict the values of the parameter c to satisfy c 3 0, c 2 . 0, and c 1 1 c 2 # p͞4, and use the following fact [6] : if jC 1 ͘ can be obtained by LOCC out of jC 2 ͘, then
where P͑C͒ ϵ max kckkfk1 j͗cj ͗fj jC͘j 2 .
(P is the square of the maximal Schmidt coefficient.) In particular, if we take in (7) jC i,j ͘ AB ji͘ A j j͘ B ͑i, j 0, 1͒, we have that P͓F 1 ͑C i,j ͔͒ cos 2 ͑c 1 1 c 2 ͒.
we will show that it is not possible to have
for all i, j 0, 1, and therefore that condition (9) is violated. We can always write
where the n a,b ϵ kN a,b k 2 $ 0 add up to one. Thus, condition (12) 
Actually, it can easily be shown that the left hand side is always larger than or equal to the right hand side, the equality holding only for n 1,0 n 1,1 0 and n 0,0 n 0,1 1͞2. Using these results in Eq. (13) and imposing that jc i ͘ Aa jw j ͘ Bb is a product state, we obtain that it must be of the form of either j0, 1͘ AB jm i , n j ͘ ab or j1, 0͘ AB jm i , n j ͘ ab . Now, recalling that jc i ͘ Aa jw j ͘ Bb must be created using local unitary operators acting on A and a, and B and b out of ji, 0͘ Aa j j, 0͘ Bb one readily finds that this is impossible for all i, j 0, 1. Thus, we have proven that U s ͑c 1 1 c 2 , 0, 0͒ cannot be obtained with the help of U s ͑c 1 , c 2 , 0͒ and LOCC for p͞4 $ c 1 1 c 2 . 0 and c 1 $ c 2 . 0.
In the following, we will analyze the implications of our catalytic method in the context of infinitesimal transformations of two qubits [7] [8] [9] [10] [11] . Remarkably, the study of this kind of transformations allows one to establish a partial order in the set of all possible physical interactions (or Hamiltonians) [10] . This partial order is related to whether a given interaction can simulate (i.e., produce the same results of) another one, when certain operations are allowed. In this context, the necessary and sufficient conditions for a two-qubit Hamiltonian H to be able to simulate another H 0 under LU, LU 1 anc, and LOCC have been derived [10, 11] , giving the same conditions. One can immediately see from our general results on unitary operators that in the catalytic scenario, these conditions are relaxed; i.e., there are certain Hamiltonians that can simulate others under cat-LU, but not under LOCC. Here we will analyze this fact in detail and extract some conclusions.
Thus, we consider U e 2iHdt , where H H y is a Hamiltonian acting on the qubits A and B and kHdtk ø 1. Again, since we allow for arbitrary local unitaries at any time, we can restrict ourselves to Hamiltonians of the form
In Refs. [10, 11] it has been shown that given H͑c 1 , c 2 , c 3 ͒, a total time dt, and if we allow for LOCC after time steps smaller than dt, then we can obtain the operation generated by H͑c 1 ,c 2 ,c 3 ͒ during the same time dt up to second order corrections in Hdt if and only if
This implies that under LOCC, H can simulateH if and only if these conditions are satisfied. If we use our catalytic method, we have found that it is possible to simulateH͑c 1 1 c 2 , 0, 0͒ with H͑c 1 , c 2 , c 3 ͒, which for c 2 fi 0 violates condition (16b). In fact, taking c 3 0, we see that H 1 ϵ H͑c 1 1 c 2 , 0, 0͒ can simulate H 2 ϵ H͑c 1 , c 2 , 0͒ as well, since conditions (16) are fulfilled. Thus, our catalytic method makes any pair of Hamiltonians of the form H 1 and H 2 equivalent, although they are inequivalent under LOCC simulation. This result also has fundamental implications in the study of asymptotic simulation of interactions using LU 1 anc. There N applications of an evolution generated by H for a time dt are available, in the limit dt ! 0 and N dt !`. H 1 can simulate H 2 even for finite N [10, 11] . We can now use H 2 for N 0 times to create a maximally entangled state of the ancillas [7] with N 0 dt finite, which could then be used to catalyze the Hamiltonian evolution generated by H 1 a number N 2 N 0 ϳ N of times.
So far, we have seen that under the catalytic scenario, some Hamiltonians acting on two qubits become equivalent. Of course, an important question is whether all Hamiltonians become equivalent in that scenario [12] . We now show that this is not the case. We derive a set of necessary conditions similar to (16) that the Hamiltonians H andH must fulfill for H to be able to simulateH. First, we will note that both Hamiltonians are diagonal in the Bell basis [4], and we will call the corresponding eigenvalues 
Note that with this numeration, the l's andl's are sorted in decreasing order. We have also taken into account a global constantc 4 , since it will be important in the discussion below. We will show that if H can simulateH under
